Abstract. We prove that, for a positive integer n and subgroup H of automorphisms of a cyclic group Z of order n, there is up to isomorphism a unique connected circulant digraph based on Z admitting an arc-transitive action of Z z H. We refine the Kovács-Li classification of arc-transitive circulants to determine those digraphs with automorphism group larger than Z z H. As an application we construct, for each prime power q, a digraph with q À 1 vertices and automorphism group equal to the semilinear group GLð1; qÞ, thus proving that GLð1; qÞ is 2-closed in the sense of Wielandt.
Introduction
Let Z be a cyclic group of order n, considered in its regular action (by multiplication) as a subgroup of the symmetric group SymðZÞ. Suppose that Z c G c N SymðZÞ ðZÞ, that is to say G is a semidirect product Z z G 0 , for some subgroup G 0 c AutðZÞ acting naturally on Z. We show that, for n 0 4, there is up to isomorphism at most one Z-circulant digraph with arc-transitive automorphism group equal to G, and that for most n, G, such a digraph exists. A question about such digraphs arose in the course of a general investigation in [11] of closures of linear groups in their natural action on vectors, and we discuss this motivating question in Section 4.
A Z-circulant is a Cayley digraph G ¼ CayðZ; SÞ with vertex set Z and arc set AG ¼ fðg; sgÞ j g A Z; s A Sg, for some non-empty subset S of Znf1g. Each Z-circulant G admits Z, in its regular action, as a subgroup of automorphisms; G admits G if and only if S is G 0 -invariant; and G acts arc-transitively on G if and only if S is a G 0 -orbit in Znf1g.
In order for G to equal AutðGÞ a necessary condition is that G is connected, except for the case when n ¼ 4 and G 0 ¼ AutðZ 4 Þ, where the disconnected digraph 2:K 2 has this property (see Lemma 2.1). In our main theorem below we show that up to isomorphism there is a unique connected Z-circulant G on which G acts arc-transitively, and we describe the possible structures of G (and of G 0 in most cases) where G fails to equal AutðGÞ. Explanation of the graph-theoretic notation is given in Section 2. Theorem 1.1. Let Z, n, G be as above. Then, up to isomorphism, there is a unique connected Z-circulant G on which G acts arc-transitively. Moreover either AutðGÞ ¼ G or one of the following holds: (c) n ¼ pm, where p is prime, 5 c p < n, and gcdðm; pÞ (1) Each pair n, G 0 satisfying (a) or (c) leads to a Z-circulant G with AutðGÞ larger than G. However in case (b) we do not specify the group G 0 precisely: the group Z in this case has a subgroup Y of order b, and G ¼ CayðZ; SÞ where S is a union of Y -cosets each consisting of generators for Z. The group G 0 must be transitive on S. In Example 1.3 we give one small example for each of cases (b) and (c).
(2) The finite arc-transitive circulants were classified independently, and via two very di¤erent methods, by István Kovács [6] and Cai Heng Li [7] in 2004. The proof of Theorem 1.1 uses this classification as its starting point. The graphs occurring in Theorem 1.1 cannot simply be read o¤ from the classifications in [6] , [7] . Indeed rather subtle arguments are needed to determine precisely the arc-transitive Z-circulants for which a subgroup of Z z AutðZÞ (rather than the full automorphism group) acts arc-transitively. A discussion of this issue for a larger class of arc-transitive Cayley graphs is given in [8] . As mentioned above, in case (b) we have not succeeded in giving a precise description, and we would be interested to have such a description.
(3) We say that a connected arc-transitive circulant G ¼ CayðZ; SÞ is generic if none of Theorem 1.1 (a), (b) or (c) holds, so that AutðGÞ ¼ G. In particular each generic circulant is 1-regular, that is to say, AutðGÞ acts regularly on the arc set of G. If in addition S ¼ S À1 , so that G is undirected, there exists an involution g A AutðGÞ that inverts an arc ð1; sÞ (where s A S) and AutðGÞ ¼ hG 0 ; gi. In many cases the subgroup G 0 will be cyclic, for example, this is always so if n is an odd prime power. If G is generic and undirected, and G 0 is cyclic, then G can be embedded as an orientably regular map in a closed orientable surface (see [2, Proposition 2.1]) and moreover this map is chiral since AutðGÞ is no larger than Z:G 0 . This observation balances the existence result [2, Corollary 5.4] concerning regular Cayley maps for cyclic groups, showing that generic undirected circulants produce chiral maps whenever G 0 is cyclic. Regular maps corresponding to generic undirected circulants may constitute a convenient source of chiral maps, especially taking into account an observation made in [3, Section 1] , with reference to the enumerations of regular maps of small genus in [1] , that among orientably regular maps, chiral maps appear to be much rarer than the alternative reflexible maps. Example 1.3. In these examples we write Z additively as the group Z n of integers modulo n, and G 0 as a subgroup of the multiplicative group Z (1) Example for Theorem 1.1(b). We let n ¼ 9, b ¼ 3, and S ¼ f1; 4; 7g,
Example for Theorem 1.1(c). We let n ¼ 15, b ¼ 5, and S ¼ f1; 4; 7; 13g,
As an application of this theorem relevant to the discussion in Section 4, we consider the connected circulant digraph G for the one-dimensional semilinear group G ¼ GLð1; qÞ, where
, where x is a primitive element of the field F ¼ GFðqÞ and we identify Z with the multiplicative group of F . The group G 0 ¼ hji is generated by the Frobenius automorphism j : x 7 ! x p of F . The unique connected G-arc-transitive Z-circulant digraph GðqÞ proved to exist in Theorem 1.1 is (up to isomorphism) CayðZ; SÞ with S ¼ fx;
We call GðqÞ a semilinear digraph. We prove that GðqÞ does not arise in any of the parts (a)-(c) of Theorem 1.1 and hence obtain the following result. As a consequence we deduce that GLð1; qÞ, in its natural action on F nf0g is 2-closed in the sense of Wielandt (Corollary 4.1).
Theorem 1.4. The semilinear digraph GðqÞ has automorphism group GLð1; qÞ.
Theorem 1.1 is proved in Section 3. As we mentioned in Remark 1.2, its proof uses the classification of arc-transitive circulants in [6] , [7] . We review this classification, and prove some preliminary results in Section 2. The second result, Theorem 1.4, is proved in Subsection 4.1.
2 Arc-transitive circulant digraphs 2.1 Graph-theoretic notation. The notation used in the statement of Theorem 1.1 involves the following notions. We denote by K n the complete digraph on n vertices in which each ordered pair of distinct vertices is an arc. The complement of K n is denoted by K n and is the digraph with n vertices and no arcs.
When we say that G ¼ ðV ; AGÞ is a digraph, we mean that V is the vertex set of G and AG (sometimes written as AðGÞ) is its arc set. For digraphs G ¼ ðV ; AGÞ and S ¼ ðW ; ASÞ, the lexicographic product G½S of S by G is the digraph ðV Â W ; AðG½SÞÞ such that ððv 1 ; w 1 Þ; ðv 2 ; w 2 ÞÞ is an arc if and only if either
For a positive integer b and a digraph G, b:G means the digraph consisting of b vertex disjoint copies of G (with no additional arcs involving vertices from distinct copies of G). A deleted lexicographic product, denoted by G½K b À b:G, is a digraph whose vertex set is the vertex set of G½K b and whose arc set equals AðG½K b ÞnAðb:GÞ.
2.2 Our hypotheses, and the disconnected case. As in Section 1 let Z be a finite cyclic group considered in its regular action as a subgroup of SymðZÞ, and let G ¼ CayðZ; SÞ be a Z-circulant, with S a non-empty subset of Z a :¼ Znf1g. Con-sider also AutðZÞ as a subgroup of SymðZÞ in its natural action. Then AutðZÞ normalizes Z in SymðZÞ, and AutðZÞ V AutðGÞ is equal to AutðZ; SÞ :¼ fs A AutðZÞ j S s ¼ Sg:
In fact G :¼ N AutðGÞ ðZÞ ¼ Z z AutðZ; SÞ; see for example [5] . The Cayley digraph G ¼ CayðZ; SÞ is said to be a normal circulant if Z is normal in AutðGÞ, or equivalently, if AutðGÞ ¼ Z z AutðZ; SÞ. We prove the assertion made in Section 1 about disconnected circulants. 
Theorem 2.2 ([6]
, [7] ). Let Z be a cyclic group of order n and let G be a connected arctransitive Z-circulant. Then one of the following holds where, in (b) and (c), S is a connected arc-transitive Z m -circulant: 
If Z c G c AutðGÞ for some Z-circulant G, then each block system B for G gives rise to a quotient digraph G B , defined as the digraph with vertex set B such that ðB i ; B j Þ is an arc if and only if ðu; vÞ A AG for some u A B i and v A B j . Now B is the set of Y -cosets in Z, for some Y < Z, and the quotient digraph G B admits an induced action of G in which the subgroup Z induces the regular cyclic group Z=Y . Thus G B is a ðZ=Y Þ-circulant, and it is connected if G is connected.
In Since G is not a complete graph, AutðGÞ 0 S n . Hence, since G contains a transposition, it follows that AutðGÞ has at least one non-trivial block system on Z, say B (see [9, 
Proof. In this case G ¼ CayðZ; Throughout this section let Z; G ¼ CayðZ; SÞ, G be as in Subsection 2.2, and assume that G is connected and G acts arc-transitively on it. Write G 0 :¼ AutðZ; SÞ. First we prove the uniqueness of G up to isomorphism.
Lemma 3.1. There is, up to isomorphism, a unique connected Z-circulant G on which G acts arc-transitively. Moreover, if G is a normal circulant then AutðGÞ ¼ G.
Proof. Since G ¼ CayðZ; SÞ is connected, S is a generating set of Z, and since G acts arc-transitively, its subgroup G 0 is transitive on S. This implies that each element of S is a generator of Z and S ¼ z G 0 for some generator z. Let G 0 ¼ CayðZ; S 0 Þ be another connected Z-circulant admitting an arc-transitive action of G. 
Closures and circulants
The motivation for this investigation was a study in [11] of closures of linear groups in the sense of Wielandt [10] . The linear groups considered were subgroups of the group GLðd; qÞ of semi-linear transformations acting on the vector space V ¼ V ðd; qÞ of d-dimensional row vectors over the field F ¼ GFðqÞ of order q. For G c GLðd; qÞ and k d 1, each G-invariant subset of the Cartesian product V k (under the natural induced G-action) is called a k-relation for G, and the largest permutation group on V preserving each k-relation of G is called the k-closure of G on V , and
